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Quantum Entanglement

From National Geographic.
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Quantum state in a k-partite quantum system: |W) € ®*_,C", |||[W)|. = 1.
|W) € ®F,C" is entangled: |W) # |11) ® - - - @ |4b) where |¢;) € C.

- Qubits: [0) = M —e e )= m —e,eC

- EPR (Einstein-Podolsky-Rosen) state:

[EPRz) = Z5(|0) ® [0) + [) ® 1)) = 75 eC’®C.

a0 O -

|[EPR;) = IZ ' ® ) eC"®C".
- GHZ (Greenberger-Horne-Zeilinger) state:
IGHZ,) = (10)®[0)®[0) + [ @ [h ®[1)) e P @ C* © C.
|GHZ,) = fZ el)el|)eC"®C"®C".
- W state:
(W) = Z=(11)®[0)®[0) +[0) ® 1) ®[0) +|0) ®0) ® |1)) € C* @ C* ®C?
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Entanglement Transformation

|W) € ®",C" can be transformed to |®) if there exist T; € My, Sit.
SLOCC )

®) = (11 @ - @T)V). (W) == |®)

SLOCC

SLOCC
Eg [EPR,) *225° |0) ® |0), |0) ® [0) A= |EPR.).

1 0

®OO

)IEPR;) = [0) ® |0)

V2 0
(o o

Determine bipartite entanglement transformation is “easy”
(W) eC"@C"eAveM, (H®])eC"@C" < EjeM,)

SLOCC
—

) @) & |0) = (T1 @ TL)|V¥) & Ap = T1AyTS < rank(Ae) < rank(Ay)

For all [W) € C" @ C", |EPR,) **25° W) (|EPR,) > =),

Determine tripartite entanglement transformation is “hard”:
SLOCC

For |[W) e C"® C" @ C", |GHZ) "~ |W) < tensor rank(|W)) < k!
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Asymptotic Transformation

Examples:

SLOCC

SLOCC
- |W) "==" |GHZ,), |GHZ,) /— |W) (Dur, vidal, Cirac, PRL, 2000)
- |GHZ,)®® *=25° |W)®? (Chitambar, Duan, Shi, PRL, 2008)
- |GHZ,)®* *225° |W)®? (Chen, Chitambar, Duan, Ji, Winter, PRL, 2010)

ASLOCC

- |GHZ,) “=="" |W) (Yu, Guo, Duan, PRL, 2014)

Entanglement trans. rate: R(|W), |®)) := sup{% : [W)®* *2257 1) @4}

ASLOCC
=

W) [®) & R(|W),|®)) =1

The matrix multiplication exponent: w = 1/R(|GHZ,), |$°))
0(n*): time-complexity of multiplying n x n matrices (over C)

|#°) = [EPR2) 5 ® [EPR2), ® [EPRy)y € C* @ C* @ C*



Our Result

SLOCC

Given |¥) € C} ® Cg ® CT, determine if |W),.c — |EPRj),5 ® |0).
Physical Scenario:

- EPR states are useful and hard to prepare.

- Entanglement of Assistance: Use “noisy” tripartite entanglement
shared by A, B and C to generate “noiseless” bipartite entanglement
shared by A and B, assisted by C.

- Important to know which “noisy” tripartite entanglement can be used.
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Our Result

SL()CC

|[EPRn) 45 ® |0) (.

Given |V) € C} ® C§ ® CT, determine if |W) 5 —

[W)45c € Ch ® Cj ® CT < Matrix space in M,
[W) apc = Zuk uk|’> @ @R & Ay =
Sle{Ak Zw Ar/kE/"j 8 I?:Lm}

Theorem (Chitambar, Duan, Shi, PRA, 2010):
SLOCC

[W),5c — |EPRj), 5 ®|0). < the commutative rank of Ay is n
< Ay has invertible matrices.

Theorem (Li, Qiao, Wang, Duan, CMP, 2018)

W) 15 =S |EPRy) 45 ® |0) < the noncommutative rank of Ay is n
< Ay has no Shrunk subspace.



Perfect Matchings in Bipartite Graphs

A perfect matching in a bipartite graph G = (LUR,E) (L=R = [n]) is
a subset M C E sit. every vertex is incident to exactly one edge in M.
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Perfect Matchings in Bipartite Graphs

A perfect matching in a bipartite graph G = (LUR,E) (L= R = [n])is a
subset M C E sit. every vertex is incident to exactly one edge in M.

L R L R

The Marriage Theorem (P. Hall, JLMS, 1935):
G has a P M. & G has no shrunk subset: S C L such that |S| > [N(S)].



Algebraic Method to Find Perfect Matchings
For G = ([n] U [n], E), let A = span{E;, : (i,)) € E} C M.

Ac =span{Es 1, Es1,E2 2, E13,E43,Es 4, Ess}.

0 0 X3 O 0

0 X2 O 0 0
A=|x37 0 0 0 0| € A

0 0 Xs3 0 Xis

5

L R X511 0 0 X5,4 0

)

g s~ w N =
g s~ w N =



Algebraic Method to Find Perfect Matchings

For G = ([n] U [n], E), let Ag = span{Ej, : (i,j) € E} C M.

1 1

2 2 0 0

3 3 1

4 4 A=11 0

5 5 0 0
L R 0 O

Theorem (KOnig, Frobenius, Tutte, Lovasz...):

O O O O —

- O O O O

Ac =span{Es 1, Es 1, E2 0, B3, E43, Es 4, Ess}

0

o O

E.AG

e =

G has a P. M. & Ag contains invertible matrices.



Algebraic Method to Find Perfect Matchings

For G = ([n] U [n], E), let Ag = span{Ej, : (i,j) € E} C M.

0 O

a &~ W N -

~ Q@

g s~ W N =

o
o O O -

R

o

Theorem (KOnig, Frobenius, Tutte, Lovasz...):

O O O O —

- O O O O

Ac =span{Es 1, Es 1, E2 0, B3, E43, Es 4, Ess}

0

o O

E.AG

e =

G has a P. M. & Ag contains invertible matrices.

Randomized poly-time algorithm: Randomly pick a matrix A in Ag,
check if A is invertible. (Schwartz-Zippel lemma)
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Commutative Rank and Applications in TCS

A =span{A,...,An} < Symbolic matrix T =Y x;Ai € Ma(C[x1, . .., Xm])

Clx1, ..., Xm]: The algebra of polynomials in commuting variables xi, ..., Xm.
Commutative rank of A: The rank of T over rational function field

crk (A) = max{rank(A) : A € A}, A has invertible matrices & crk(A) =n

Symbolic Determinant Identity Testing (SDIT): Given an arbitrary matrix
space A C M,, decide if crk (A) = n.

Edmonds’ problem: Compute the commutative rank of A.
Both problems can be solved in Randomized polynomial time.

Derandomizing SDIT would have remarkable consequences in complexity
theory (related to P vs. NP)! (Kabanets, Impagliazzo, CC, 2004)

Recall: G has Shrunk subset < G has no perfect matching < Ag contains no
invertible matrix.

Is there a “singularity witness” for general matrix spaces?



Shrunk Subspaces

1 1 Ac = span{Eun, Ez2, Es, E13, E14, E35}.
2 2 0 0 X3 X4 0
3 3 0 Xxp O 0 0
4 4 A=10 0 0 0 Xx35| € Ag
5 5 Xeqn O 0 0 0

L R 0 X2 O 0 0



Shrunk Subspaces

[ 2 e O

g W N =

Ac = span{Eun, Ez2, Es, E13, E1 4, E35}.

0 0 X1,3 X4 0

0 X2,2 0 0 0
A=10 0 0 0 x| €As
Xg 1 0 0 0 0
0 Xs, 0 0 0

A(span{es,e,}) = span{ei}



Shrunk Subspaces

Ag = span{Esq, 22, Es 2, E13, Eq 4, E3 5}

1 1
2 2 0 0 Xxi3 x4 O
3 3 0 X2 O 0 0
4 4 A=10 0 0 0 x5| € Ag
5 5 X4 1 0 0 0 0
] R 0 Xxsp, O 0 0

A(span{es, e, }) = span{er }
Shrunk subspace of A C M,:

U C C" st dim(A(U)) < dim(U) (A(U) = span{Au : A € A,u € U}).



Shrunk Subspaces

g B~ W N
g s~ w N =

L R

Shrunk subspace of A C My:

Ac = span{Eu 1, Es,Es52,E13,E14,E35}.

0 0 X13 X4 0
0 X2,2 0 0 0
A= 0 0 0 0 X35 € Ag
X1 0 0 0 0
0 X5,2 0 0 0

A(span{es, e, }) = span{er }

U CC" st dim(A(U)) < dim(U) (A(U) = span{Au : A € A,u € U}).

Observation: If A has shrunk subspaces, .A has no invertible matrix.



Shrunk Subspaces

g &~ W N
g s~ W N -

L R

Shrunk subspace of A C Mj:

Ac = span{E4 1, E2, Es2, E13, Er 4, E3 5}

0 0 X13 X4 0

0 X2,2 0 0 0
A=10 0 0 0 X35 € Ag

Xep 0 0 0 0

0 X5,2 0 0 0

A(span{es, e, }) = span{er }

U CC" st dim(A(U)) < dim(U) (A(U) = span{Au : A € A,u € U}).

Observation: If A has shrunk subspaces, A has no invertible matrix.

A has no invertible matrix = A has shrunk subspaces if, e.g. A = Ag, having
rank-1 basis or being (upper) triangularizable. (Lovasz, Edmonds, Gurvits, ...)



Shrunk Subspaces

Ac = span{Eq4 1, E2, Es o, E13, Eq 4, E3 5}

1 1
2 2 0 0 X1,3 X4 0
3 3 0 X2 O 0 0
4 4 A=10 0 0 0 x5| € A
5 : T
] R 5,2

A(span{es, e.}) = span{er}
Shrunk subspace of A C M,:
U C C" st dim(A(U)) < dim(U) (A(U) = span{Au : A € A,u € U}).
Observation: If A has shrunk subspaces, A has no invertible matrix.

A has no invertible matrix = A has shrunk subspaces if, e.g. A = Ag, having
rank-1 basis or being (upper) triangularizable. (Lovasz, Edmonds, Gurvits, ...)

0O 1 0 0 0 1 0 0 O
Not true in general: A =span{|—-1 0 0|,|0 0 0,|0 0 1|}
0 0 O -1 0 O 0 -1 0



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))

C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))
C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.
Noncommutative rank of A: The rank of T over free skew field (Amitsur, 1966).

nerk (A) = nerk (T) = n — max{c: JU C C", dim(U) — dim(A(V)) = c}.

A has shrunk subspaces < ncrk (A) < n.



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))
C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.
Noncommutative rank of A: The rank of T over free skew field (Amitsur, 1966).
nerk (A) = nerk (T) = n — max{c: JU C C", dim(U) — dim(A(V)) = c}.
A has shrunk subspaces < ncrk (A) < n.

How to compute ncrk (shrunk subspaces)?

- Introduced by Cohn from noncommutative algebra (Cohn, PLMS, 1971).



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))

C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.
Noncommutative rank of A: The rank of T over free skew field (Amitsur, 1966).
nerk (A) = nerk (T) = n — max{c: JU C C", dim(U) — dim(A(V)) = c}.
A has shrunk subspaces < ncrk (A) < n.

How to compute ncrk (shrunk subspaces)?

- Introduced by Cohn from noncommutative algebra (Cohn, PLMS, 1971).
- A PSPACE algorithm (Cohn, Reutenauer, 1JAC, 1999).



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))

C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.
Noncommutative rank of A: The rank of T over free skew field (Amitsur, 1966).

nerk (A) = nerk (T) = n — max{c: JU C C", dim(U) — dim(A(V)) = c}.

A has shrunk subspaces < ncrk (A) < n.

How to compute ncrk (shrunk subspaces)?

- Introduced by Cohn from noncommutative algebra (Cohn, PLMS, 1971).

- A PSPACE algorithm (Cohn, Reutenauer, 1JAC, 1999).

- Connections with invariant theory and algebraic complexity (Hrubes,
Wigderson, ToC, 2014; Mulmuley, JAMS, 2017).



Noncommutative Rank and Recent Progress

A =span{A,...,An} < Symbolic matrix T = Y"1, x;A; € Ma(C{X4, ..., Xm))

C(x1,...,Xm): The algebra of polynomials in noncommuting variables xq, ..., Xm.
Noncommutative rank of A: The rank of T over free skew field (Amitsur, 1966).

nerk (A) = nerk (T) = n — max{c: JU C C", dim(U) — dim(A(V)) = c}.

A has shrunk subspaces < nerk (A) < n.

How to compute ncrk (shrunk subspaces)?

- Introduced by Cohn from noncommutative algebra (Cohn, PLMS, 1971).

- A PSPACE algorithm (Cohn, Reutenauer, 1JAC, 1999).

- Connections with invariant theory and algebraic complexity (Hrubes,
Wigderson, ToC, 2014; Mulmuley, JAMS, 2017).

- Deterministic polynomial-time algorithms! (Garg, Gurvits, Oliveira,
Wigderson, FOCS, 2016; lvanyos, Qiao, Subrahmanyam, CC, 2016, 2017).



Proof Outline
Theorem (Li, Qiao, Wang, Duan, CMP, 2018)

ASLOCC

[W)aee — [EPRn)ys ® |0)¢ < nerk (Av) =n

< Ay has no Shrunk subspace.

W) p5c = Z,j k Akl @ 1)) ® [R)e & Aw = span{Ar = 37 Ajj kEijjte=t,...om

W) a5 “[EPRnY g © [0)¢ © R(IW) 45, [EPRa) 45 ® [0)) =1
V4
R(IV) 45> IEPRn) 15 ® [0) () = SUP{E ' >E\§Bkc sLoge — (|JEPRn),5 ® 10) ) }

= log, sup \/ crk (A®)
k
= log, kli \/ crk (AS®) := log, crk > (Av)

Proof Idea:

- For nerk (A) = n (A4 has no shrunk subspace), Show crk > (A) = n.

- For nerk (A) < n (A has shrunk subspaces), upper bound crk ®(Ay). 10
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Matrix Spaces without Shrunk Subspace

Proposition: If A C M, has no shrunk subspace, crk *°(A) = n

Lemma: For A C My, and A, C My,
nerk (A1) = ny and nerk (A2) = n2 = nerk (A1 @A) = nin,

n



Matrix Spaces without Shrunk Subspace

Proposition: If A C M, has no shrunk subspace, crk *(A) = n

Lemma: For A C My, and A, C My,
nerk (A1) = ny and nerk (A;) = n; = nerk (41 @ Ay) = min,

ncrk (A) < crk (A) < nerk (A) (Fortin, Reutenauer, SLC, 2004).
For A C M, with ncrk (A) = n (A has no shrunk subspace):
nf = Incrk (A®F) < erk (A%*) < nerk (A®F) = n*

1 1
2 T2

n



Matrix Spaces without Shrunk Subspace

Proposition: If A C M, has no shrunk subspace, crk *(A) = n

Lemma: For A C My, and A, C My,
nerk (A1) = ny and nerk (A;) = n; = nerk (41 @ Ay) = min,

ncrk (A) < crk (A) < nerk (A) (Fortin, Reutenauer, SLC, 2004).
For A C M, with ncrk (A) = n (A has no shrunk subspace):

n* = Inerk (A®F) < crk (A®F) < nerk (A%F) = n*

-2

= etk ®(A) = limy_, o0 {/crk (A®F) = n.

1
2

n



Matrix Spaces without Shrunk Subspace

Proposition: If A C M, has no shrunk subspace, crk *(A) = n

Lemma: For A C My, and A, C My,
nerk (A1) = ny and nerk (A;) = n; = nerk (41 @ Ay) = min,

ncrk (A) < crk (A) < nerk (A) (Fortin, Reutenauer, SLC, 2004).
For A C M, with ncrk (A) = n (A has no shrunk subspace):

nf = %ncrk (A®k) < crk (A‘g’k) < nerk (AW) _afe

= ork ®(A) = limy_ o0 {/ork (AFF) = 1.
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The proof requires the following characterization of shrunk subspaces.

Theorem (Derksen, Weyman, JAMS, 2000; Biirgin,Draisma, MZ, 2006):

A C My has no shrunk subspace < 3k € N, sit. erk (A ® M) = nk.
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Matrix Spaces with Shrunk Subspaces

Proposition:

If A C M, has shrunk subspaces, 30 < aw < 1s.t. etk *°(A) < an.
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Matrix Spaces with Shrunk Subspaces

Proposition:
If A C M, has shrunk subspaces, 30 < aw < 1s.t. etk *°(A) < an.

Recall:

- For T17 T, € GLy, crk (.A) = crk (Tw.ATz).
- U C C"isashrunk subspace of A if dim(U) > dim(A(U))
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Matrix Spaces with Shrunk Subspaces

Proposition:
If A C M, has shrunk subspaces, 30 < aw < 1s.t. etk *°(A) < an.
Recall:

- For T17 T, € GLy, crk (.A) = crk (TnATz).
- U C C"isashrunk subspace of A if dim(U) > dim(A(U))

Let p = dim(A(V)), n — g =dim(U), then 3 T4, T, € GLy,, st. VA € A,

TATE = Al A
Ao ‘ O(n—p)x(n—q) -

A(p, g, n): The minimal space containing all matrices of the above shape.
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Matrix Spaces with Shrunk Subspaces

Proposition:
If A C M, has shrunk subspaces, 30 < aw < 1s.t. etk *°(A) < an.

Recall:
- For T4, T, € GLy, crk (A) = crk (T1.AT2).
- U C C"isashrunk subspace of A if dim(U) > dim(A(U))

Let p = dim(A(V)), n — g =dim(U), then 3 T4, T, € GLy,, st. VA € A,

TATE = Al A
Ao | Onpyxn—a) | ...

A(p, g, n): The minimal space containing all matrices of the above shape.

crk (A) = erk (TIATS) < erk (A(p, g, n)).
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Matrix Spaces with Shrunk Subspaces

Proposition:
If A C M, has shrunk subspaces, 30 < aw < 1s.t. etk *°(A) < an.
Recall:

- For T4, T, € GLy, crk (A) = crk (T1.AT2).
- U C C"isashrunk subspace of A if dim(U) > dim(A(U))

Let p = dim(A(V)), n — g =dim(U), then 3 T4, T, € GLy,, st. VA € A,

TATE = Al A
Ao | Onpyxn—a) | ...

A(p, g, n): The minimal space containing all matrices of the above shape.
crk (A) = erk (T1ATY) < cerk (A(p, g, n)).
Theorem (Li, Qiao, Wang, Duan, CMP, 2018):

crk < (A(p, g, n))=an for some a < 1 determined by p,g,nand p+qg < n.
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Concluding Remarks

Matrix spaces arise naturally in Quantum Information and Group Theory.
View these matrix spaces as generalizations of graphs.

Entanglement
Quantum Zero-

error Information
(LZ, 2018, GL, 2019) Quantum Information

\ (LQWD, CMP, 2018)

Matrix space

Transformation
and Classification

Graph Theory Group Theory

Isomorphism Testing 13
(LQ, FOCS, 2017)



